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Abstract
The existence of Davies-Unruh temperature in a uniformly accel-
erated frame shows that quantum fluctuations of the inertial vacuum
state appears as thermal fluctuations in the accelerated frame. Hence
thermodynamic experiments cannot distinguish between phenomena
occurring in a thermal bath of temperature T in the inertial frame from
those in a frame accelerating through inertial vacuum with the acceler-
ation a = 2piT . We show that this indisguishability between quantum
fluctuations and thermal fluctuations goes far beyond the fluctuations
in the vacuum state. We show by an exact calculation, that the re-
duced density matrix for a uniformly accelerated observer when the
quantum field is in a thermal state of temperature T ′, is symmetric
between acceleration temperature T = a/(2pi) and the thermal bath
temperature T ′. Thus thermal phenomena cannot distinguish whether
(i) one is accelerating with a = 2piT through a bath of temperature T ′
or (ii) accelerating with a = 2piT ′ through a bath of temperature T .
This shows that thermal and quantum fluctuations in an accelerated
frame affect the observer in a symmetric manner. The implications are
discussed.
It is well known that the inertial vacuum state of a quantum field ap-
pears to an accelerated observer as [1, 2] a thermal state with temperature
T related to the magnitude of its acceleration a, as T = a/2pi. We use units
with c = kB = ℏ = 1. More precisely, the reduced density matrix, obtained
by tracing over degrees of freedom hidden behind the Rindler horizon, when
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the field is in the inertial vacuum state, has the form of a thermal density
matrix with temperature T = a/2pi. Hence the appearance of vacuum fluc-
tuations to a uniformly accelerated observer is indistinguishable from the
thermal fluctuations seen by a stationary observer in a real thermal bath.
This point of view is also supported by the fact that a two level quantum
system undergoing uniform acceleration and coupled to the quantum field
in its Minkowski vacuum state, will reach a level population [3] that is iden-
tical to that of a detector immersed in a thermal bath after it has reached
equilibrium.
Such results regarding the indistinguishability of thermal and vacuum
fluctuations are based on studying the inertial vacuum state of the quan-
tum field. In other words, the fluctuations present in the inertial frame are
purely those of the inertial vacuum which, from the perspective of an accel-
erated observer, appears as thermal fluctuations. However, it is not clear
what is the relationship between the quantum fluctuations and the thermal
fluctuations for the accelerated observer when the latter are also present in
the inertial frame. To emphasize this point, let us consider a real thermal
bath at temperature T ′ in the inertial vacuum which will introduce gen-
uine thermal fluctuations in the inertial frame. Consider now an observer
moving through this thermal bath with an acceleration a corresponding to
a Davies-Unruh temperature T = a/(2pi). The thermal phenomena seen by
such an observer can be described by a suitable theoretical construct, say, a
density matrix ρ(T, T ′) which could depend on both T and T ′ (and on possi-
bly other variables which are irrelevant to us). We use the convention that,
in the density matrix ρ(T1, T2) the first argument denotes the acceleration
temperature and the second one denotes the temperature of a thermal bath
as measured in the inertial frame. The Davies-Unruh effect tantamounts to
the statement that
ρ(0, T ) = ρ(T, 0) (1)
This prompts us to ask the question: Does the indistinguishability extend to
situations when both thermal and quantum fluctuations are simultaneously
present? That is, can we prove that
ρ(T, T ′) = ρ(T ′, T ) (2)
when both T and T ′ are non-zero? Such an equality would imply that
an observer accelerating through a thermal bath of temperature T ′ with
an acceleration corresponding to temperature T will experience the same
thermal phenomena as an observer accelerating through a thermal bath of
temperature T with an acceleration corresponding to temperature T ′.
2
The key result of this paper is the rigorous proof of the above result in
Eq. (2) for a thermal bath given in Eq. (7) thereby escalating the equiv-
alence between quantum and thermal phenomena to a new level. We do
this by computing the reduced density matrix for a uniformly accelerated
observer with acceleration a when the quantum field is in a thermal bath
with temperature (1/β′). The thermal bath considered consists of the Unruh
particles (the reason for such a choice over a thermal bath of Minkowski par-
ticles is explained below). We calculate the resultant density matrix in the
usual way of tracing over the degrees of freedom hidden behind the Rindler
horizon. We obtain an exact expression without any approximation which
by itself is an interesting result and first of its kind for a thermal bath.
We note that there have been previous works (see for example ref. [5, 6])
which calculated the spectrum of particles detected by uniformly acceler-
ated observers in an inertial thermal bath by computing the Bogoliubov
co-efficients or the excitation rate of the Unruh Dewitt detector. However,
these methods only tell us the number density of Rindler particles detected
whereas to make a definite statement about the indisguishability of quan-
tum and thermal fluctuations, one must have a complete knowledge of the
system which is precisely provided by the reduced density matrix. Further-
more, the calculation using detectors coupled to the thermal bath involves
a prescription of averaging over different excitation rates with appropriate
thermal weightages and is not a derivation from first principles. The density
matrix formalism works without any approximations and the result we ob-
tain is exact and from first principles. In the context of relativistic quantum
entanglement a similar computation was done, although with completely
different purposes, using the covariant matrix formalism to understand the
effect of the initial temperature of two modes on the final entanglement after
the modes are two-mode-squeezed [7].
We will begin by summarizing the procedure involved in calculating the
reduced density matrix. We consider a free scalar field described by the
Klein Gordon field equation. Let the state of the scalar field with respect
to the inertial observer be described by a density matrix ρM which - in
general - can represent a mixed state or a thermal bath. One can ex-
press ρM in terms of any basis eigenstates which are a complete set of
basis vectors. The eigenstates of the inertial Hamiltonian and the eigen-
states corresponding to the left and right Rindler Hamiltonian together, are
such complete set of basis vectors. Let us denote by |Ln〉 and |Rn〉 the
left and right Rindler Hamiltonian eigenstates respectively and (b†(L)k, b(L)k)
and (b†(R)k, b(R)k) be the creation and annihilation operators corresponding
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to the left and right Rindler wedges respectively. An observer confined to
the right Rindler wedge X > |T | will have all her physical observables made
purely out of (b†(R)k, b(R)k) and they will be independent of (b
†
(L)k, b(L)k). Let
O(b†(R)k , b(R)k) be any such observable. Then expectation value of O for a
given density matrix ρM is
〈O〉 = Tr(ρMO)
=
∑
p,q
〈p|R ⊗ 〈q|L (ρMO) |Lq〉 ⊗ |Rp〉
=
∑
p
〈p|R (ρrO) |Rp〉 (3)
where in the last step we have used the fact that O is independent of
(b†(L)k, b(L)k) and defined the reduced density matrix ρr as
ρr =
∑
q
〈q|L ρM |Lq〉 (4)
It is evident from Eq.[3] that the reduced density matrix ρr is the one relevant
for our purpose.
It is known that when ρM = |0M 〉〈0M | (where |0M 〉 is the Minkowski
vacuum state) the reduced density matrix ρr corresponding to the right (or
left) Rindler observer is a thermal density matrix with temperature β−1 =
a/2pi. It can be expressed in the following form
ρunruh =
∏
k
C2k
∑
n
e−nβωk |Rnk〉〈nk|R
=
∏
k
C2k
∑
n
e−nβωk
(b†(R)k)
n
n!
|0R〉〈0R|(b(R)k)n (5)
corresponding to the standard Davies-Unruh effect. The expectation value
of the number operator (b†(R)kb(R)k) for the above thermal density matrix
leads to the Planckian distribution
〈N〉 = Tr[ρunruhb†(R)kb(R)k]
=
1
(eβωk − 1) (6)
In our case, we want to obtain the form of the reduced density matrix
ρr when the scalar field is described by an thermal density matrix ρth =
4
exp(−β′H) with temperature given by (1/β′). Ideally, one would like to start
with ρth = exp(−β′H) with the Hamiltonian being the sum of Hk = ωka†kak
where a†
k
and ak are the creation and annihilation operators respectively
defined with respect to the inertial plane wave modes. However, as is well
known, akf
(
bk1 , bk2 , bk3 , ..., b
†
k1
, b†k2 , ...
)
is a function of the Rindler creation
and annihilation operators of all frequencies, and hence, an inertial plane
wave mode of frequency ωk gets mixed with Rindler plane wave modes of
all frequencies. So calculating the reduced density matrix in an exact closed
form is algebraically untractable.
We shall avoid this problem of mode mixing by exploiting a trick orig-
inally devised by Unruh. This involves working with the so called Unruh
modes U
(1)
k
, U
(2)
k
[3] which are linear combination of the Minkowski plane
wave modes such that negative and positive frequencies do not mix. Due to
this, the vacuum state corresponding to the plane wave mode solutions and
the Unruh modes remains the same. Further, the Unruh mode of frequency
k maps to Rindler modes only with frequencies k and −k, which is the key
aspect required to avoid the mode mixing problem. This significantly simpli-
fies the calculation and, as we shall demonstrate below, allows us to obtain
an exact closed expression for ρr. (We also point out later that working
with Unruh particles rather than with Minkowski particles is advantageous
in dealing with non-stationarity issues.)
There are two sets of creation and annihilation operators d†1k, d1k and
d†2k, d2k corresponding to the two Unruh modes (U
(1)
k
, U
†(1)
k
) and (U
(2)
k
, U
†(2)
k
)
respectively. We begin by defining ρth = e
−β′H where H = ∑k ωkd†1kd1k
to be a thermal density matrix describing a thermal bath of Unruh par-
ticles. One should note that this Hamiltonian H = ∑k ωkd†1kd1k is not
the original Hamiltonian for the scalar field defined in terms of the usual
Minkowski creation and annihilation operators and hence lacks a natural
interpretation from an inertial observers perspective as is well known in the
literature. Nonetheless, for our present purpose, we only require the ther-
mal state to be populated by particles through excitations over the standard
Minkowski/inertial vacuum. We consider a thermal bath of Unruh particles
created by d†1k acting on the Minkowski vacuum with the interpretation of
1/β′ as the temperature of the bath. These Unruh particles are then, of
course, different from the standard Minkowski particles but both belong to
excited states of the same vacuum. Using the basis representation of the
eigenstates of the Hamiltonian operator Hinertial =
∑
k ωka
†
kak, we define
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ρth to be
ρth =
∏
k
C2k
∑
m
e−mβ
′ωk
(d†1k)
m
√
m!
|0M 〉〈0M |(d1k)
m
√
m!
(7)
where C2k is the normalization constant. A comparison of the form of the
density matrix in Eq.[7] with that of Eq.[5], shows that ρth is a thermal
density matrix with H playing the role the effective Hamiltonian for the
Unruh particles corresponding to the operators d†1k, d1k. We could have
chosen to work with a thermal bath of d†2k, d2k particles instead of a thermal
bath of d†1k, d1k particles without any loss of generality. However, one must
then take care to trace over appropriate set of mode, left or right, in the
two contexts. This is because, by construction, the two set of Unruh modes
are asymmetric in terms of the left and right Rindler modes. For, example
d†1k is a function of only the left Rindler creation and the right Rindler
annihilation operators and hence, for a thermal bath of d†1k, d1k particles,
one must trace over the right modes. Similarly, for the thermal bath of
d†2k, d2k particles, one must trace over the left Rindler modes. Further, it is
easy to verify that [Hd1 , ρth] = 0 = [HbL , ρth] where HbL and Hd1 are the
left Rindler Hamiltonian and Hamiltonian corresponding to the Unruh mode
(U
(1)
k ) respectively. The vanishing commutators show that ρth is stationary
with respect to both HbL and Hd1 and hence the comparison of T and T
′
can be performed at any instant of time. Thus, the choice of the thermal
bath in terms of the Unruh particles rather than the Minkowski particles
avoids the well known non-stationarity issues which arise in the latter case
[6].
We can now proceed to determine the corresponding reduced density
matrix ρr. Our objective will be to take the trace of ρth with respect to the
right Rindler states. The calculation is straightforward but lengthy and the
key steps are indicated in Appendix A. The final result can be expressed as:
ρr =
∏
k
C2k
∑
p
[
1 + e−(β
′−β)ωk(1− e−βωk)
]p
×e−pβωk |Lp〉〈p|L
(8)
which is obtained without any approximation and is exact. The normal-
ization constant can be found by imposing Tr(ρr) = 1 leading to C
2
k =
6
(1− e−βωk)(1− e−β′ωk). The expectation value of the number operator is
〈N〉 = Tr[ρrb†(R)kb(R)k]
=
1
(eβωk − 1) +
1
(eβ′ωk − 1) +
1
(eβ′ωk − 1) (eβωk − 1)
(9)
We note that an expression similar to Eq.[9] was obtained in [7], but in
a completely different context using the covariant matrix formalism. How-
ever, [7] neither mentions anything about the symmetry in temperatures nor
does it attempt to discuss the significance of it, most probably because the
authors have missed it due to their focus on completely different aspects.
(We thank an anonymous referee who brought this work to our attention.)
Further, it should also be mentioned that authors of reference [7] work with
two different initial thermal baths. We have considered the initial thermal
bath comprising of one (any one) of the two types of Unruh particles as
mentioned above whereas [7] considers both type of Unruh particles in ther-
mal equilibrium at same temperature. Due to this reason, the Eq.(15) in [7]
is similar to the above Eq.[9], but not quite the same.
We now identify (Zβk )
−1 = (1 − e−βωk) to be the partition function
of a thermal bath at temperature β−1 corresponding to some ρthermal =
e−βH‖/Zk and similarly (Z
β′
k
)−1 = (1− e−β′ωk) to be the partition functions
of a thermal bath at temperature (1/β′). The form of ρr in Eq.[8] in terms
of these variables can then be simply written as
ρr =
∏
k
(Zβ
k
Zβ
′
k
)−1
∑
p
[
1− (Zβ
k
Zβ
′
k
)−1
]p |Lp〉〈p|L
=
∏
k
(Z¯k(β, β
′))−1
∑
p
[
1− (Z¯k(β, β′))−1
]p |Lp〉〈p|L
(10)
where Z¯k(β, β
′) = Zβ
k
Zβ
′
k
is the effective partition function of the reduced
density matrix we are interested in.
We thus have a remarkable result: The effective partition function Z¯k(β, β
′)
is just the product of the two thermal partition functions with temperatures
(1/β′) and (1/β)! One can check that in the limit (β′)−1 → 0 when there is
no thermal bath, we have Zβ
′
k
→ 1 and hence we get back the Unruh effect,
ρr → ρunruh. Similarly, in the limit when the acceleration vanishes, β−1 → 0,
we have Zβk → 1 and hence we get initial thermal bath, ρr → ρthermal.
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There are several curious features about the result obtained which are
worth mentioning. To begin with, there have been suggestions in the litera-
ture [8] that quantum fluctuations and all statistical fluctuations, including
thermal ones, are essentially identical, in the sense that both can be dissi-
pative in nature, except in a globally flat spacetime, in which, the quantum
fluctuations are conservative for the inertial trajectories. Then, assuming
a set of principles, Smolin proposed that in all the other cases, (i.e., ex-
cept for motion is along inertial trajectories in globally flat spacetimes) the
quantum fluctuations should be indistinguishable from the statistical fluc-
tuations. Our result resonates well with an equivalence of this kind though
ours is a specific and precise statement of the indistinguishability between
thermal and vacuum fluctuations. Of course, if one performs, say, mechan-
ical experiments which involve the measurement of the acceleration of the
observer, then one can deduce the acceleration temperature β−1 indirectly
by making use of Unruh’s result, T = a/2pi. However, in the present context,
the indistinguishability being discussed is purely within the thermodynamic
domain of experiments in which the expectation value of any physical ob-
servable of the accelerated observer is calculated from ρr according to Eq.[3].
It may further be noted that some of the previous works [9] have claimed
to be able to distinguish between thermal and quantum fluctuations using
two detectors by considering the entanglement between them. However, a
careful reading of these works shows that the claim about two detectors
being able to distinguish (whereas a single detector cannot) between the
two kinds of fluctuations actually refers to the two kinds of fluctuations for
quantum systems in two different spacetimes. For e.g in [9], the entangle-
ment between two detectors moving in a thermal bath in (i) Minkowski and
(ii) De-sitter are compared. Whereas, in the present paper, the two kinds of
fluctuations we have discussed are in terms of two temperature parameter
T and T ′ for the same quantum system in a given spacetime vis-a -vis, the
Minkowski spacetime. Hence these results cannot be compared directly with
our results.
Second, while the result demonstrates the validity of Eq. (2), it does
not lead to any simple rule for combining the two temperatures. There is
no simple way of defining an effective temperature for the resulting system.
This is clear from the fact that ρr is not thermal for the special case of
β = β′. One way to understand this non-thermality is in terms of the de-
tailed balance equation consisting of the induced probability to absorb or
emit particles which demonstrates thermality for an uniformly accelerated
detector moving in inertial vacuum fluctuations (see for example [10]). In
the present case, when thermal fluctuations are additionally present, our
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result suggests that the delicate balance of the stimulated and absorption
probability rates gets modified thereby breaking the thermal equilibrium.
Such kind of emission processes are also evident when one inspects the ex-
pectation value of the Rindler number operator as given in Eq.[9]. It has
the form 〈N〉 = nT + nT ′ + (nT )(nT ′) where nT and nT ′ each represent
a Planckian distribution of particles at respective temperatures, T and T ′.
One can interpret the resultant expectation value as a stimulated emission
process wherein the presence of thermal bath nT ′ stimulates an additional
emission of nT particles or vice-versa due to the symmetry in T and T
′.
However, the symmetry in Eq. (2) is strengthened, in view of our result,
to a stronger statement, viz., that the partition function Z(T, T ′) is actually
a product function of the form Z(T, T ′) = f(T )f(T ′). This is in contrast to
simpler forms of obtaining the symmetry in Eq. (2) like ρ(T, T ′) just being a
function of, say, (T+T ′) or (T 2+T ′2) etc. The latter situation in fact arises in
the context of a uniformly accelerated observer in the de Sitter spacetime [11]
in which case, it is known that the effective temperature is the Pythagorean
sum of the acceleration temperature and de Sitter temperature. It would
be interesting to study uniformly accelerated observers in other spacetimes
with horizons to explore the connection with our result.
Finally, given the product structure of the full partition function Z(β1, β2) =
Z(β1)Z(β2), it is clear that lnZ(β1, β2) is additive. This, however, does not
imply simple additivity of thermodynamic variables because those require
additivity of free energy F = −β−1 lnZ which cannot be defined without
a natural notion of β for the full system. The best we can do is to intro-
duce a relation βF = β1F1 + β2F2 which is insufficient to define β and F
individually. Many of these aspects are worth further investigation.
One must note that the symmetry of temperatures in the stationary
reduced density matrix of Eq. (10) is valid for a thermal bath of Unruh
particles given by Eq. (7) and may not hold in the natural case of a thermal
bath consisting of Minkowski particles due to the non-stationarity argu-
ments mentioned earlier. In the latter case, one would instead expect a time
dependent reduced density matrix and the relationship between T and T ′
would be worth investigating
Acknowledgements: We thank Jorma Louko for useful discussions and
comments. TP’s research is partially supported by J.C.Bose Research grant.
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Appendix A
We first express the Unruh operators in terms of the left and right Rindler
operators as
d†1k =
[
b†(L)k − q¯ b(R)(−k)
]
p¯ (1− q¯) (11)
where q¯ = exp (−βωk/2) and p¯2 = exp(βωk/2)/[2 sinh (βωk/2)]. Further we
use the fact that the Minkowski vacuum state can be expanded in terms of
the left and right Rindler basis states as
|0M 〉 =
∏
k
A2k
∑
n
e−
n
2
βωk |Ln〉 ⊗ |Rn〉 (12)
Using Eq.[12], we can express the thermal density matrix in Eq.[7] in terms
of the left and right Rindler basis states as
ρth =
∏
k
C2kA
2
k
∑
m,p,q
e−mβ
′ωke−
(p+q
2
βωk
×(d
†
1k)
m
m!
|Lp〉 ⊗ |Rp〉〈q|R ⊗ 〈q|L(d1k)m (13)
Next we binomially expand the right hand side of Eq.[11] to get
(
d†1k
)m
=
[−q¯]m−l
[p¯ (1− q¯)]m
m∑
l=0
mCl (b
†
(L)k)
l (b(R)(−k))
m−l
(14)
Here, we have used the fact that the left and right Rindler operators com-
mute with each other, that is,[
(b
( ,†)
(L)k, b
( ,†)
(R)k)
]
= 0 (15)
Combining the above equations together, the density matrix ρth can finally
be written completely in terms of the left and right Rindler operators and
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basis states as
ρth =
∏
k
C2k
∑
m,p,q,l,l′
[
e−mβ
′ωke−
(p+q
2
βωk [−q¯]2m−l−l′
[p¯ (1− q¯)]2m
]
×
[
mCl
mCl′
pPm−l
qPm−l′
m!p!q!
]
Θp−m+lΘq−m+l′
×
√
(p+ l)!(q + l′)!(p −m+ l)!(q −m+ l′)!
× |L(p+ l)〉 ⊗ |R(p−m+ l)〉〈(q −m+ l′)|R ⊗ 〈(q + l′)|L
(16)
Taking the trace of ρth over the right Rindler modes and performing straight-
forward algebraically manipulations, we get the required result quoted in the
text. (A detailed calculation and other physical aspects of ρr are discussed
in a separate paper [12].)
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